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A class of exact particular solutions of the short-wave equations is investigated; the class
in question generalizes the familiar solutions in {1, 2], The solutions are classified,
Examples of new solutions are cited,

Flows with small but abrupt changes in the flow parameters occurring in a narrow zone
near the front of a propagating shock wave are described by the system of short-wave
equations derived in [3], The system of short waves, which constitutes a nonlinear sys-
tem of equations of mixed type, is in a certain sense similar to the system of equations
for steady transonic gas motions; unlike the latter system, however, it cannot be trans-
formed into a system of linear equations, This fact complicates the mathematical sta-
tement and solution of the short-wave equations considerably, making it necessary to
construct exact particular solutions with certain properties associated with a given class
of physical problems, Such solutions have been obtained in various artificial ways in
each specific case [2 — 5], The most general of the known solutions is the class of exact
solutions derived in [1], An example of a solution not belonging to the class obtained
in [1] is constructed in [2].

1, The short-wave equations in the case of two~dimensional quasisteady flows of a
perfect gas are of the form 3]
i v AR 1
2(9«-5)7{—&—‘5}‘—}—2@&20, &5 — oY =0 (1.1)
Here k = 1/, in the case of plane~parallel flows and k = 1 for axisymmetric flows;
the dimensionless functions p, v, 8, Y are related to the projections of the velocity on
the radius vector u and on its perpendicular v, and to the components of the polar sys-
tem r, 4 by the equations

u = agMop = agM, v = agMo V(% + 1) Mgy (1.2)
r== apt [1 -+ YV, (% + 1) M,8], &= VI,x+ 1) M,Y

System (1,1) clearly admits of the following continuous group of finite transformations:
F=a®—c) YO=a(¥Y —b (1.3)
W Yy =a(n{d Y)—c), vV, V) =a (v (0 V) + 2kcY — d)
where a, b, ¢, d are arbitrary constants which do not alter the form of the equations,
Thus, if some solution p° =p°(8°, Y°),+* =v° (§°, Y”) of system (1.1) is known, then
all the equivalent solutions are obtainable from it by way of the formulas
p@, V)=ap @@ ~c¢) a(Y —8)Fc
vi{d, V) =a(a (0 —c), a(Y — b)) — 2keY +d (1.4)
Formulas (1. 4) enable us to construct the class of equivalent solutions with wider pro~

perties (see [6] for information on the group properties of (1,1)), Particularly useful are
solutions p° = p° (8°, Y°), v = v° (8°, Y°) of polynomial form in & or Y, where the
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solutions constructed with the aid of (1, 4) satisfy one of the conditions
pid, ) =D for 6§ =¢ {1.5)
v, Vy—=8 for ¥V = (1.6)

In many problems of short-wave theory [1 — 5] conditions (1. 5), (1. 6) with the appro-
priate constants D, B, ¢, b play the role of the necessary boundaray conditions which the
solutions of (1.1) must satisfy,

2. Let the class of solutions of system (1,1) be defined by the biparametric represen-
8

tation X " »
p= Do @n",  v= D% En
==} n- g (2 A )
6= Z Xa € n”" Y= Loud Vi © .n”
n=40 7 - ‘

Here @, f, y, ® are natural numbers , and the functions ¢, %, %, v, differ from zero,
System (1.1) in the variables &, n is of the form

sy [ Iy (3 oy B
2(w—03) "9z Jq —aq G, \on @& 0 on )
op, [ 08 OY a8 ”(?X‘\ 0
T T T T ) 2.2)

du 8 u 08 v dY  ov Yy

m 0F T ot 9m T & o - o %
The planes §Y and £r are in one-to-one correspondence if the Jacobian

DE Y)Y/ DE nFEO

and is bounded,
Substituting (2. 1) into (2,2) and equating the sum coefficients of equal powers of 7
in each equation, we obtain a system of ordinary differential equations of the first kind
for determining the unknown functions @,.. ¥, %n+ Va-
The general form of the differential equations of the system obtained in this way (for
m powers of 1) for the first and second equations of (2,2) is
m
D 2@y = X)) 8y At By — T D) gy ] =0 (2.3
1==0

m

DO E D O Py + Xpag P — O =L D ) by + 30 D) 1=0

-0

where the primes denote derivatives with respect to £,

Here !
g = N =i NV @ — (A DV P

)
i==0)
!

v e XU : .
hy= (A1) Py T sz (i) ¥y @
i=9
{

fo= 2k ) v @

EAsti]
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For fixed values of o, 8, v, @ in (2.1) series (2. 3) break off, and the number of equa-~
tions in the system is finite,

3, To determine the highest indices , §, y, ®, and thus to determine the forms of
solutions (2,1) admitted by system (1,1) we must consider the problem of the compati~
bility of the number of unknow functions and the number M of equations comprising
system (2, 3).

Representation (2,1) formally contains @ + P} + v 4+ © + 4 functions, However, this
representation and system (2, 2) admit of the transformation group

n=fE) + g (¢, E=F (&) GRY

with arbitrary functions f (§°), g (€°), ¥ (£§°) which do not alter the form of (2,1) and
(2.2). By suitable choice of functions f (£°), £ (£°), F (£°) it is possible to ensure that
certain functions are determined in final form for (2,1). We note that in the general
case of representation (2,1) the number ; of such functions is equal to three, When form
(2.1) degenerates (e, g, in the ahsence of the zeroth power of 1) we have j = 2. Instead
of (3,1) in this case (2, 1) admits of the transformation

n=JEM, E=F{E)

Wwithout limiting generality , we can explain the foregoing by considering representa~
tion (2,1) for § and Y. For example, let

£ == % (E) (3.2
and let j(&°) and g (£°) be chosen in such a way that on substituting (3, 1) into (2,1) we
obtain the vlaues v (8% =1, v, (E) =0 (3.3)

If we omit the subscripts in expressions (3, 1), (3. 3), then the formal result of transfor-
mations (3,1) consists in the fact that j functions have been determined in representation
(2.1) and the number of unknown functionsis a« + P +y+ o+ 4 — .

To determine the number M of equations in the system of ordinary differential equa~
tions obtained from (2, 3), we determine the highest powers of v for the various terms
in Eqgs. {2.2) upon substitution of (2,1) into these equations, This yields three distinct
combinations (J,, J,, J3) for the first equation and two combinations (J,, J;) for the

second, J —2a4+0~1, J—atypto—1, Ji=p+yp—1 (3.4)
Jo=P+ o —1, Jg=a+y—1

The number M of equations is determined by the sum of maximum powers of 1 inthe
first and second equations of (2.2),

M = max {J,Js,J3} + max {Jg, Jg} + 2 (3.5)

which brings us to the consideration of six distinct combinations of relationships among
exponents {3, 4).

The correspondence between the number of unknowns and the number A7 of system
equations is determined by the condition

aot+PF+ytotst—j=M-+q (3.6)

where ¢ is the determinacy coefficient of the system (the system is determined for
¢=0 , overdetermined for ¢ <{ 0, and underdetermined for ¢ >> 0).

It is interesting to note that the number { = ¢ + j is uniquely determined by the com-
bination o, B, y, © in accordance with (3,6) and (3, 5),
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The case where exponents (3, 4) are equal for each equation of (2,2) immediately

gives us the solution with
=204 —1i), P=3G—1, 7=2(0G4—1i, 0=4—1

This is analogous to the case considered in [7] for the system of equations of transonic
gas flows,

Considering the various combinations of a, §, y, ® and eliminating the case y =
= o =0, where D (§, Y)/ D (¢, 1) = 0, we can generally establish quite readily in
accordance with (3, 53, (3. 6) that the number i <{ 3. This means that for the general
form of solution (2,1) where j = 3, the number ¢ < 0 , and according to (3. 6) we can
only have determined and overdetermined systemns of ordinary differential equations,

In the case of determined systems of ordinary differential equations for ¢ = 0, == 3
the parameters o, f, ¥, © assume the values

02, 0P <3, 0Ky<2, <o 3.1

Hence, it is most convenient to classify solutions (2. 1) according to y and o. This
gives rise to four basic combinations of values (y, ) ,

(2.1), (4,1, (0,1, 1,00 (3.8)
This corresponds to four types of solutions with distinct values of («, )
(2,3), (4,2), (0, 1) for y =2, @ =1 (3.9)
(1, 2), (1,1), (0,1), (0,0) for v =1, @ =1 (3.10)
0,1), (0,0) for =0, © =1 (3.4
2,3), (1,2), (1,1}, (0,1}, (0,0) fory =1, © =0 (3.12}

4, Let us consider the problem of using transformation (3,1) for the resulting types
of solutions (3, 8). The form of the equations of system (2, 3) is simplest when the func-
tions f (%), g (E*), F (E°) are chosen on the basis of the form of the representations for
Y and d.

Then for ©® = 1 for Y

Y=v () +vEn, 6227(1;(5)"” (r=0,1,2
n==Q

setting £° = ¥, (€) (the inverse function ¢ = F (£%),

FED) =1/% (), g€ = —ve %) /vy (Y,
recalling result (3, 3), and omitting the indices, we find that
Y—1
Y=n, 8= an®Y"HEYY (=012 4.1)
n==0
Transformation (3, 1) is nondegenerate (v; =0 for ® = 1) if X,/(§) 0 and is
bounded, Thus, in the case ® = 1, if X, (§) is not a constant, we have (4.1) and solu~
tions (2. 1) of polynomial form in Y.
In the case ¥ = 1 for »
S=t®+uEn Y=AvO" (w-o0p»
n=g
we obtain, as in the previous case, o1

5=, Y = D) vy (€) 87 4 E8® (4.2)

==
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Transformation (3, 1) is nondegenerate (¢, = 0 for ¥ = 1) if v ’'(E) 5= 0and is bounded,
Hence, in the case y = 1,if v, (8) is not a constant, we have (4. 2), and solutions (2. 1)
are of polynomial form in 3.

Thus, determination of solutions of the form (2.1) and the use of transformation (3, 1)
yields solutions for which one of the functions (xv (£), v, () in the cases 0 = 1,y = 1)
is not a constant, Since the form of the solution is not known in advance, one can gene-
rally assume the reverse, i, e, one can verify the existence of solutions ‘with a constant

value of this function in each specific case, If such solutions, in fact, do exist, we shall
call them "lost" solutions,

8, Let us write out the resulting system of differential equations in general form, This
basic system of equations is obtainable from (2, 3) in accordance with (3,7) for a = 2,
P=3v=2 o=t (@ — %) Ky — 203Gy + 1'Hy = 0

(@ — %o) By -+ (91 — %) Ky — 2%Gy + %o Hy — %Gs + %'Hs =0
(@2 — %) Ko + (1 — %) Ky + (@0 — %o) Ko — 2.6y + 'Hy — %16 + %'He +

+ Xo’Ha = O
(@1 — %) Ko+ (9o — %o) Ky — 2%3Go — %16y + %'Hi + %' Ha =0
(®o — Yo) Ko — NaGo + Y'Hy =0 (5.1)

Ps'vy — 3V’ + 202"%s — 2%’ = 0 ,
Po'vi — 29y — 3PgVy’ + 201 % — PiXe’ + P Ka — 20X = 0
Yr'vi — Py’ — 295v" - 200" %s T PN — Py — 2@ = 0
Yo V1 —Yivo + Qo' — P1%e =0
Here , -
Ki=@;v1— (2 — i) 2%, v —i@w’ (E=0,1,2
Gj =12y + (3 — Y (-9 (2_j)k(PjV0' + ,’(1-j) 2= (3-3) kq’j—lv" G=0,123
Hj=1/2¢;+kp; v1 (=129

Let us note some of the properties of system (5,1), System (5.1) contains nine equa-
tions which can be used for determining nine unknowns provided one specifies three
functions (j = 3) in accordance with (3,1), System (5.1) remains determined if we
convert to the "symmetric” form of the solutions, when

PL &) =% () =P () =% (€) =V, () =0
B=0EMN T+ E), v=%E+$En (5.2)
=@M+ %E Y=v@En

In fact, we readily perceive that the system itself now contains five equations for five
unknowns, since in this case one needs to specify two functions (j = 2) only,
Moreover, in the particular case of (5,2) where
p=qEM v=9:@" d=%E@, Y=v0En 63

for o (8) = W1 () = % (€) = 0 system (5, 1) reduces to two equations for determining
two functions (f = 2}.

Similarly, for @ (§) = V3 () = 0 we obtain a system of three equations with three
unknown functions for sotutions of the form
B=0 ), v=0E8" 0=2%E"+wLE, ¥=vEn (5.4)

Solutions of symmetric type usually satisfy a condition of type (1.6) and are therefore
of particular practical interest,
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8, Setting @ = 2, B = 3, ¥ = 2, ® = 1 in general form (2.1) of the solutions and set-

tng e =8 wE =1 vE=Y 6.1)
we find in accordance with (4, 1) that (2,1) and (5,1) yield the familiar class of solu~

ti i i .
ions derived in [2], W= g (B) Y2 4 ¢y (B) Y + o (B)

v =13 (5) Y*+ 9, (8) Y2 + 91 (§) ¥ + o (&) (6.2)

d = EY? + 11 (B)Y + %o (B)
We also obtain the corresponding system of differential equations, This system is inves-
tigated in detail in [1], Most interesting from the physical standpoint are the symmetric
solutions of the form (5,2) — (5.4). Such solutions of form (5, 2) have been constructed
and used for the solution of problems with a rectilinear boundary (problems of shock-
wave reflection from rigid walls and free surfaces) [1, 4, 5].
Solutions of the form (5. 3) in the case (6.1) bring us to the case of self-similar solu-

tions of (1,1), namely to

po=Y (), v=7T%(), &=208/Y? (6.3)
which, for example for & = Y, are of the form

W= Y?[e,§ — ¢; (e; — Vo) + 3c, V2E — ¢}
v =2Y3[ey (§ — 2¢y) V”é — ¢y —cr(ey — Yo § + 65l

Examples of symmetric solutions of the type (5.4) for & =1/, and %k == 1 are con-~
structed in [3],

7. Let us investigate the class of "lost" solutions of basic system (5,1) for
velly=a, v =1, v = (@ == const) (7.0
of the form
=@ Y+ ¢ (O Y -+ ¢ (8)
"fll (§)Y 4 P (8) Y2 A9 (B)Y by (B) (7.
= a¥? 4+ 7 (B)Y + % (8)

~1
(8%
~

From the first and sixth equations of (5, 1) with allowance for (7.1) we obtain @» = ¢,
¥s = ¢3. For a %= 0, setting
¢y = a(l—2a), Py ="za(l —2a) 22—k (7.3)

we find that the second and seventh equations of (5, 1) (with allowance for (7, 1))coin-
cide, For « = U the functions ¢, = 0., == 0 , and the second equation of (5,1) is
satisfied identically,

In both cases the systems corresponding to (5,1) become determined following the
transformation F (§) = £°. Furtheron we shall take as our F (§) one of the functions of
system (5,1), which together with (7;1) is equivalent to (3.1).

Let us consider symmetric solutions (¢, = y, = y; =, = 0) of type (5.2),(5.4)
which system (5 1) admits for form (7.2).

For a = (§) = & for solutions of type (5,2) ((3.9), =2, =23) ,

u ':(Ez(Q) Y24 (8), v=1 (5) Y 4+, (7, 8 = a¥Y? 4- (7.4)
systemn (5,1) reduces to a differential equation for ¢, (), namely to

-1
Gt

o — &) @ + (B — a) ¢y +a(l — 2a) § 4 ey =0 (7.
to formulas (7. 3) for ¢, Y3, and to the following expression for v, :
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Py = 28, — 2aQ, + & (7.6}
Solutions (7, 4) in this case are similar to the solutions in [8] for the equations of tran~
sonic gas motions, The form g, (§) of solution (7, 5) depends on the sign of D = 942 —
~2a(k+ 1)+ (1 — k2
We note, for example, the case D > 0, which is of particular practical interest, Here
the family of solutions of (7, §) has asymptotes and can be expressed as

lu—pz Pl u— gz =c (e>0) 7.7}
Here
u=q®) —4, z=tmd, A=@K okt VI
p="Y(a+1—k+ VD), g=1y(a+1—k— VD) (1.8)

The singular solutions u = pz, u = gz of (7, 5) define the asymptotes for family (7.7).
One such solution for k = %/, was used in [27] (in solving the problem of regular reflec-
tion from a rigid wall),

In the case a = + V'%/2 the solutions of (7, 5) are given by the expressions

Yoy In[r (@ — &) + Yo el =2 (§ 4 ¢) + 7o — ) (7.9)
q)():(i_‘r)g'i'cz: q)():g""'l/zcﬂ'-‘ for r == 1+k; Vm
The particular case of symmetric solutions of the form (5.4} ({(3.9), a =0, § = 1)

results from (7.4) for a == Y/, when ¢, = y; = 0. Setting @, (§) = &, in accordance with
(3.1) for the solution of the form
p=E8 v=I[=-8+4+alY, d=a¥+ 1§ (710
we obtain .
Xo (8) = ee®™f L°E L Yoo for k= A
Yo B =cE+ e+ 2E+ ) —c; for k=1
8, The class of "lost” solutions of (7, 2) in the particular case a = 0 (p, = P53 = 0)
leads to the cases y =1, o = 1 (3.10), y = 0, @ = 1 (3.11).
We obtain solutions fory =1, e =1, a = 1, B = 2 (3.10) of the form
p=g B Y +eE v=0:8Y+% Y +9, 8, §=EtY+%(E) 81

by solving system (5,1) with allowance for (7.1) for @ = 0, y, () = §. With allowance
for (7,1), we find from the seventh equation of (5.1) that

Py = 0y (8.2)
The third equation of (5.1) with allowance for (8, 2) yields the following equation for @;:
0 — 8@ +kpy ey =0 (8.3)
with solutions of the form
@y = —(2c) lheey + 1+ Videe, + 1 + 2¢8], @ = —2¢ (8.4)
for k == 1/, ,and of the form
(Prte)in(pteyFelgte=84ep @=—e (8.5)
for k=1,

In all cases where @, == —¢, / k system (5. 1) reduces to the solution of the following
Abel equation of the second kind for @g:

L () 990 + 8 (5) @0’ + K () 9o* + N (8) ®o + M (§) =0 (8.6)
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with the coefficients given by
LE =14k —1g/h, NE =1(@/h +kh™F o + kyy
K@ =Fk(g/hy  ME=fln® e 4 3]
B(8) =1y E®+ f(g/h) —ch¥F — 3,
g=%&—q, h o= ¢y 4 k@y, f= 1ty (P — Epy)
and %o (E) is an arbitrary particular solution of the equation
2 (e + kpy Mo” — 201 % = B — ¥y
The functions ¢y, ¥, % are given by the formulas
=9 — E9ds o = Pk’ — E90” (8.7)
Yo == ¢ ey + kp)VE 4+ (B — 1) (ex + k@) 9y + %o
For example let us cite the solution for k = Y, ¢, = 1/, (§ — 2¢,) (@, results from
(8.4) for e = 0) t= o (B) + Y (E—2e) ¥
v = —c [20, (B)4es (B + 2¢))% + colteg + e3 (Va8 +aB)—(ef — ) ¥ + 67> (8.8)
8 =20, (§) +e3 (§ + 26)) + ¢ + &Y

Here

Here
@o (B) = (£ + 2¢p) [2¢; In (§ + 2¢1) — p§ 4 el — ¢,
For ¢y == —¢,; / k system (5, 1) becomes considerably simpler and the solutions can be
written in finite form,
More particular forms of solutions(8,1) with o {1 B < 2 (3.10) are obtainable in the
same way as the above solutions for ¢, == 0.
In the case y = 1, o = 1 system (5,1) admits of "lost" solutions for ¥; (§) = a (a —
—const) which for (k = 1/,, 1) are linear functions of 8, Y for p and v, For ¢ = 0,
@ (§) = & we arrive atthe case y =0 , 0 = 1.
The solutions for y == 0, @ =1, @ = 0, § = 1 (3.11) of symmetric form of type (5.4)
e R=F ve=a¥, 8= @ (8.9)
Y@ =cE+c)?2+2E&4e) —¢ for k=1,
Yo (8) = —Yae, — (E -+ Ype) Inc (§ + Yyep) for k =1
Solutions (8, 9) for ¢; = 0 (one-dimensional flows) are similar solutions obtained in
[9] and used for solving problems on the decay of weak shock waves,

Here

8, For y = 1 representation (2,1) is of polynomial form in 8, and as noted above, the
solutions in this case can satisfy conditions of type (1. 5) on the line of parabolicity of
Egs. (1.1) (the "sonic" line § = p = ¢).

To construct the solutions corresponding to y=1, @ == 1 (3.10) forv, (&) = §, 11 (§} =
=1, ¥y () = 0 of the form

P=¢ B+ (B v=90E 8+ B+ (B, Y =8 +v () @)
we can make use of the above results for solutions of the form (8, 1) rewritten in powers
of &.

It is easy to show that the transformation
E=1/8, Y=FB—x%t/&) (9.2)
transforms any solution of the form (8,1) into a solution of the form (9, 1). For example,
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solution (8, 8) can be rewritten as

B == 01§Xo (E™) — Yyeq (g_l -+ 2"1)a ~ Yaes + Yy (1 — 2¢,8) &
v = ¢ 8% (E1) — calyo (B 4 e5 (Vo873 4,573 + (9.3)
+ o5 — (26189 (§71) +- €1 — ¢38) & +- £,5%8*

Y= —8y (8 + &6
(where the indices have been omitted),

Here
xoll 1 &) = (B 4 2¢;) [degdn (B 4 2¢p) + (e3 — 1) (7 + 20) + 26 + 4o — &
In another case, for y = 1, @ = 0 (3.12), setting v, = &, y; = —1, %o = ¢, we obtain

the solutions of the form
B=0 (Y) (¢ — 8)* 4 1 (Y) (¢ — 8) + 9 (V)
v =Py (¥) (e — 8)° 4+, (V) (e — 8)? 491 (V) (¢ — 8) + %o (¥) (9.4)
in the general case,

The corresponding system of differential equations obtainable by way of (5,1) reduces
to the differential equation
92" + 129, = 0 (8-5)
with the solutions
P = —13 8 (Y + ¢5), ¢ =0 (8.6)
(where ¥(Y -+ ¢;) is a Weierstrass function with the invariants g, = 0, g3 = ¢;) and
to the system of linear differential equations

o 120,90 =4 (k — 2) @y, P = —aPy

Po” -+ 4aPy = he@y — 20y (@ + 1 — K), Y = —@ 9.7
b = —2kpy + 2 (Po — ¢) P, by = — /sy’
For example, let us cite the solution for k == 1/,, @3 = —1/, ¥ (Y -+ cg)of the form
p= 1,0 +c)(c—8—Yylc—8 +e¢
v=® (Y +e)(e—8° —c(Y +es)+ e (9.8)

The solutions for « <C 4, B < 2 (3.12) are obtainable for ¢, = 0 and are of the form
b= (¥) (¢ — 8) + @ ()

= =l ' (¥) (¢ — 8)2 — @’ (Y) (¢ — 8) -+, (Y) 9.9)
Here ¥, can be determined from (9, 7),
P =10Y 4+ (9.10)

Qo = —[Yeer?¥Y* + Va0 (2e, +1 —R) Y2 b oy (g + 1 — k) Y2 + 63 ¢4l

Solutions (9, 8) are similar in form to the solutions obtained by L, V, Ovsiannikov for
the equations of transonic gas motions, We note that if the functions ¥, ¢, are constant
in solutions of the form (8.1), (9. 1), (9. 4) (this can often be achieved by assigning suit~
able values to the arbitrary constants), then transformation (1. 4) enables one to obtain
solutions (for example (9, 8) ) which satisfy conditions (1, 5), (1. 6).

In conclusion let us consider the applicability of the above solutions to specific prob-
lems, Transformation group (1.4) enables us to express most of the resulting solution in
a form which satisfies conditions (1, 5), (1. 6). However, conditions (1, 5), (1, 6) are
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merely the simplest of the conditions used in short~-wave problems, so that the problem
of applicability of a given solution to the investigation of a specific problem depends
on whether it is possible to solve the problem not only with allowance for (1. 5), (1. 6)
(or independently of the latter) but also to satisfy the specific conditions (characteristic
features) of the given problem.,

We note that the proposed method of constructing exact particular solutions can be
used in similar fashion in dealing with other nonlinear systems of partial differential
equations (e, g, the equations of short waves in a viscous heat conducting gas, the equa-
tions of transonic flows of a perfect and viscous gas),

The author is grateful to S, V, Fal'kovich and B, I, Zaslavskii for their comments and
advice on the present study,
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